We show that the effect of adding D-instanton to the AdS 5 × S 5 background is to make the geometry flat in the string frame. By considering the isometry group, quark-antiquark potential and mass gap, we show that the instanton correction ruins the AdS/CFT correspondence in string frame while there is no effect in the Einstein frame. That is, if we explicitly include the instanton effect by working in the string frame, the duality does not hold, while if we work on the Einstein frame, including the D-instanton does not change the metric, hence we cannot see the effect of the instanton at all. This is consistent with known wisdom that one cannot see the large N and the instanton effect at the same time.
I. INTRODUCTION
Recently, the proposal of Maldacena [1] on the duality between the String theory in an AdS background and the boundary conformal field theory brought an explosive interests, and by now refinements [2] [3] [4] and significant evidences [4] [5] [6] [7] [8] [9] were established. One of the significances comes from the possibility to study non-perturbative QCD in four dimension in terms of the semi-classical supergravity. More recently, the question of instanton effects in this context [11] [12] [13] [14] [15] was raised and it was shown that the D-instanton in the AdS 5 background is relevant to the instanton solution of the super Yang-Mill living at the boundary.
In this paper, we first point out that the metric for the D-instanton in the AdS 5 background [14] is just the inversion of the flat geometry. This can also be shown more directly by taking the near horizon geometry of the D(-1)-D3 bound system. What is the implication of this? First, the instanton-correction changes the asymptotic (r → ∞) behaviour of the nearhorizon geometry. Since the geometry is not asymptotically AdS 5 , the holographic principle is not obvious [3, 16] . Furthermore the isometry group of the flat space, the Poincare group, is now different from the conformal group of the Minkowski space. Therefore we expect that the duality relation between the theory at the bulk and the theory at the boundary no more hold.
In fact if one naively assume that the duality continues to hold for this case, we can show that the quark-antiquark potential is exactly linear, meaning the confinement, while there is no mass-gap in this theory, which is a contradiction. From these consideration we will conclude that the duality between the bulk and the boundary theories does not hold. That is, if we explicitly include the instanton effect by working in the string frame, the duality does not hold so that we cannot use large N master field theory. while if we work on the Einstein frame, including the D-instantons does not change the metric, hence we cannot see the effect of the instanton at all. This in fact is what one should expect, since it has been known that the instanton effect of QCD [18] goes like exp (− 8π g 2 N) so that in the large N limit, it would be practically impossible to find an instanton correction. Our result show why this is so in AdS/CFT context. ‡ ‡ This is especially true [17] for the zero temperature case where N=4 SUSY is remained and so The rest of this paper goes as follows. In section 2, we briefly review the D-instanton solution in the AdS 5 back ground. In section 3, we point out that the solution is nothing but the flat metric in the inverted coordinate. We show that this can also be shown by taking the near-horizon geometry of the D(-1)-D3 system. We also consider the near horizon geometry of other bounded brane systems like D p -D p+4 , and
In section 4, we discuss the implication of the flatness in the duality of the bulk theory and the boundary theory.
In section 5, we give a summary and conclusion.
To set the notation, we start from a brief review on AdS 5 × S 5 geometry. The Dp-brane as a supergravity solution can be characterized in terms of H p (x ⊥ ), a harmonic function of the coordinates perpendicular to the world volume of Dp-brane. In fact, H p depends only on the radial coordinate r = x p+1 2 + · · · + x 9 2 and is given by
where the charge Q p is
In string frame, the Dp-brane metric in Euclidean version is
with the dilaton field φ given by
Therefore the string background describing N D3-branes is given by
In the decoupling limit (α ′ → 0, u = r α ′ = fixed), the constant term in the harmonic function H 3 can be neglected. After rescaling the u → λ −1 u and x → λ x by a constant factor λ 4 = 4πgN, the metric can be written that the theory is not asymptotically free and there is no infrared divergence.
which is the metric of AdS 5 × S 5 . In terms of the variable z = 1/u, the metric is
The boundary of AdS 5 is at u = ∞ or equivalently at z = 0.
Now we consider D-instanton in the AdS 5 × S 5 background. We follow the treatment of ref. [14] . The supergravity solution for such a system is given by the following metric
together with the 1-and 5-form R-R field strengths
and dilaton field
Here, we have taken off the constant factor (α
Assuming that the harmonic function H −1 depends only on the coordinates of the D3-brane world volume x = (x 0 , x 1 , x 2 , x 3 ) and on z, it must satisfy the laplace equation in the ten-dimensional curved space
A solution [14] which is singular at a point on the boundary at z = 0 was given by
where the constant c is related to the charge of the D-instanton and x 0 is the position in the D3-brane world volume. Without loss of the generality, we set x 0 = 0 due to the translational symmetry in directions x i . Then the supergravity background metric for the D-instanton in the AdS 5 × S 5 background is
The solution singular at infinity is given by
The two solutions are related by the inversion
For this solution, the super gravity metric is
which is a manifestly a flat metric.
III. FLAT SPACE AS INSTANTON-CORRECTED ADS
We start this section by showing that the metric (13)
is in fact a flat metric, too. Let y = x ⊥ /r 2 , namely, the coordinate of the inverted Euclidean space that is transversal to the D3 branes. Then z = | y| is the radius of this six dimensional space and w = √ x 2 + y 2 can be interpreted as a ten-dimensional radius. So the supergravity background metric is written by
which is again a ten-dimensional Euclidean metric. In terms of the original co-ordinates, the final flat space coordinate X is given by
As a result, we obtained an Euclidean space from the AdS 5 × S 5 adding an instanton to the
To see what is going on, we consider the D(-1)-D3 system formally connected to the well known D1-D5 system by T-duality. The metric obtained in this way is
with
The asymptotic behavior is a ten dimensional flat metric. On the other hand the near horizon geometry is
In terms of z = 1/u, the metric is nothing but the Euclidean metric (16). Therefore we see that the D(-1)-D3 system interpolate two flat space one near the horizon u = 0 and the other at the boundary(u = ∞). More importantly, we see that by adding an instanton, we obtain the ten-dimensional Euclidean space from the AdS 5 × S 5 . From the time of the discovery [22] , it is known that D-instanton interpolate two asymptotically flat geometries.
Here we find an example for the bound system including the D-instanton.
In the rest of this section, we describe the near horizon geometry of other bounded Dbrane system. First, we consider the Dp-D(p+4) system as a BPS bound state [19] . The exact string background describing this configuration is represented by the following metric
where the harmonic functions H p and H p+4 are given by
with r = x p+5 2 + · · · + x 9 2 . The dilaton field is given by
Using eq. (2), the charges Q p and Q p+4 can be written by
where v = V 4 (2π) 4 α ′2 with V 4 being the M 4 volume is fixed. In the decoupling limit, we obtain the metric near the horizon
where the constant prefactor in the above metric is set to 1 and we assume that p ≤ 3.
Notice that for p = −1, we recover the metric of D(-1) and D3 brane system.
For p = 1, it is the well known D1-D5 system and the metric near horizon is given by
This metric describes the AdS 3 ×S 3 ×M 4 space, where the M 4 factor is a compact hyperkahler manifold (T 4 or K 3 ) depending on the charges of the branes [14] . Note that the dilaton field is a constant e 2φ = N 1 /(N 5 v). Assume that all variables do not depend on the moduli space M 4 , then we can consider only the six dimensional metric AdS 3 × S 3 , which in terms of the inverse variable z = 1/u is written by
Now, add D-instanton to this D1-D5 brane system. This new configuration breaks 1/2 of the supersymmetries. In this case, the metric is given by
with the non-trivial harmonic function H −1 satisfying the laplace equation
where ∆ represents the laplacian in the plane R 2 . The solution invariant under SO(3) ×
SO(4) is [14]
according to whether we want a solution that is singular at the boundary (z = 0) or singular near the horizon (z = ∞). We remark that the near horizon geometry of the D(-1)-D1-D5 system again reproduces above solutions but neither of the solutions gives flat geometry.
Therefore the flat geometry after the instanton correction is very special to D3-D(-1) system.
IV. IMPLICATION OF THE INSTANTON CORRECTION
Now we ask what is meaning of the flatness obtained by adding the D-instanton? Can we extend the the duality between the string theory in the bulk and a Yang-Mill theory at the boundary in this case?
First of all the isometry group of the flat bulk space is the Poincare symmetry that is different from the conformal group of the boundary. Therefore we are tempting to abandon the duality in this case. However, we already experienced the extension of the principle for the finite temperature [21, 20] or to real QCD case [4] , where the symmetry correspondence is lost. There, however, the asymptotic geometries were remained to be AdS. What should
To see what happens, let's assume the duality holds in the flat case as well. We first calculate the quark-antiquark potential following the method of Maldacena [5] in the background AdS 5 × S 5 space with an instanton, i.e, in the flat background.
the expectation value of the Wilson loop in the boundary can be derived from the proper area of a fundamental string worldsheet in the bulk. Since we are looking for the static potential the minimum surface is given by the "geodesic" equation in flat background. Therefore the minimum surface is just straight line times an interval in time direction. Since the boundary condition is such that the string starts from the boundary at z = 0 and end at the boundary at z = 0, the whole straight string must be contained in the boundary z = 0. And the value of the action is nothing but the length of the straight line times T , the length of the time interval. Therefore
indicating the confinement of the quarks.
On the other hand, we can consider the mass gap following Witten [4] . Since we have to use the flat metric in five dimensional space, there exists plane waves and the mass spectrum is continuous hence no mass gap exists. This is a contradiction: a theory with confinement is expected to have a mass gap.
These considerations together with the isometry group argument lead us to conclude that instanton correction ruins the AdS/CFT correspondence. That is, if we explicitly include the instanton effect by working in the string frame, the duality does not hold so that we cannot use large N master field theory. If we work on the Einstein frame, including the D-instantons does not change the metric, hence we cannot see the effect of the instanton at all. As we mentioned before this is just a manifestation of the statement that we can not see the instanton effect and the large N limit at the same time.
V. DISCUSSION
In this paper, we pointed out that the metric for the D-instanton in the AdS 5 background [14] is just the inversion of the flat geometry. By considering the isometry group, quarkantiquark potential and mass gap, we conclude that instanton correction ruins the AdS/CFT correspondence.
One could expect this kind of result from the old wisdom that the instanton effect of QCD [18] goes like exp(− 8π g 2 N) so that in the large N limit, it would be practically impossible to find an instanton correction. Our result provide the reason why this is so in AdS/CFT context. This is especially true [17] for the zero temperature case where N=4 SUSY is remained and so that the theory is not asymptotically free and there is no infrared divergence. It would be interesting to discuss the instanton effect for the finite temperature or for less or non-supersymmetric cases. Also our discussion in this paper is limited to one instanton case. We expect that instanton gas should be similar but more quantitative study is desirable.
